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Abstract
We study the asymptotic behaviour of the solutions of linear parabolic Dirichlet problems when
the coefficients and the domains where the problems are posed vary simultaneously. In the limit
problem it appear the H -limit of the operators, and as it is usual in the homogenization of Dirichlet
problems, a new term of order zero. We also obtain a corrector result.
 2005 Elsevier Inc. All rights reserved.
Keywords: Homogenization; Dirichlet problems; Parabolic problems; Varying domains; H -convergence
Introduction
In the present paper, we are interested in the homogenization of a sequence of Dirichlet
problems, where the coefficients of the equation and the open set where the problem is
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C. Calvo-Jurado, J. Casado-Díaz / J. Math. Anal. Appl. 306 (2005) 282–316 283posed, vary simultaneously. More exactly, we take a sequence of open sets Ωn which only
satisfy to be contained in a bounded open set Ω ⊂ RN . Then, for a sequence of matrices
An ∈ L∞(Ω × (0, T ))N×N which are uniformly bounded and elliptic, a sequence fn ∈
L2(0, T ;H−1(Ω)) and a sequence u0n ∈ L2(Ωn), we study the homogenization problem

∂tun − divAn(x, t)∇un = fn in Ωn × (0, T ),
un = 0 on ∂Ωn × (0, T ),
un(x,0) = u0n on Ωn × {0}.
(1)
The corresponding elliptic version of this problem has been considered by G. Dal Maso
and F. Murat in [16]. Our main result shows the existence of a subsequence of n, still
denoted by n, an elliptic matrix A ∈ L∞(Ω × (0, T )), a measure µ ∈M20(Ω) (M20(Ω)
is the set of nonnegative Borel measures vanishing on the sets of capacity zero, see [12])
and a positive function F ∈ L∞µ⊗dt (Ω × (0, T )), with the following property: for every
sequence fn ∈ L2(0, T ;H−1(Ω)) such that there exists f ∈ L2(0, T ;H−1(Ω)) with fn
converging to f strongly in L2(0, T ;H−1(Ω)) and for every sequence u0n ∈ L2(Ωn) such
that there exists u0 ∈ L2(Ω) with u0nχΩn converging to u0 weakly in L2(Ω), the solution
of (1) (which is assumed to be extended by zero outside Ωn × (0, T )) converges weakly in
L2(0, T ;H 10 (Ω)) to the unique solution u of the variational problem

u ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)), u = u0χ{w=0} a.e. in Ω × {0},
〈∂tu, v〉 +
∫
Ω×(0,T ) A∇u∇v dx dt
+ ∫
Ω×(0,T ) Fuv dµdt = 〈f, v〉 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)),
(2)
where w is the unique solution of (7) bellow. The matrix A coincides with the H -limit of
An (see, e.g., [22,23,26]) and then, it does not depend on Ωn. The measure µ can be taken
as the same measure which appears in the homogenization of the Laplace operator with
Dirichlet conditions in Ωn, and then, it does not depend on An. Moreover, for this choice
of µ, and writing the assumptions on An as (see [22]) A−1n ξξ  γ−1|ξ |2, Anξξ  α|ξ |2,
for every ξ ∈ RN , a.e. in Ω × (0, T ), we have that F satisfies α  F  γ , µ ⊗ dt-a.e. in
Ω × (0, T ).
Observe that when µ is a Radon measure, the problem (2) can be written as

∂tu− divA∇u+ Fµ = f in D′(Ω × (0, T )),
u = 0 on ∂Ω × (0, T ),
u ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)), u = u0χ{w=0} a.e. in Ω × (0, T ).
The term Fµ is the “strange term” which appears classically in the homogenization of
Dirichlet problems in varying domains (see, e.g., [3–7,9–14,16,24,25]). Following [12],
we recall that problem (1) can be written in the form (2). In fact, if we define µn ∈M20(Ω)
by {+∞ if C(B ∩Ωcn,Ω) > 0,µn(B) = 0 if C(B ∩Ωcn,Ω) = 0, ∀B ⊂ Ω Borel,
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

un ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)), un = u0nχ{wn=0} a.e. in Ωn × {0},
〈∂tun, v〉 +
∫
Ω×(0,T ) An∇un∇v dx dt
+ ∫
Ω×(0,T ) Fnunv dµn dt = 〈fn, v〉 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)).
(3)
Thus, it is more interesting to write (1) as (3) because in this case, the limit problem does
not change its structure. In fact, we prove in the present paper that the “relaxed formula-
tion” (3) is stable by homogenization, see Theorem 4.3 and Corollary 4.4 bellow, which in
particular proves the homogenization result for (1) stated above.
We also show a corrector result (see Theorem 4.5 and Remark 4.6), i.e., an approxima-
tion in the strong topology of L2(Ω × (0, T ))N of the gradient of the solution un of (1)
(the result is also true for the relaxed problem).
The above results are similar to the ones proved by G. Dal Maso and F. Murat in [16],
however, when we tried to generalize the ideas employed in this paper to problem (3), we
found some difficulties due to the fact that the derivative with respect to the time variable of
the limit u of the solutions un of [16], which is in L2(0, T ; (H 10 (Ω)∩L2µ(Ω))′), cannot be
approximated by smooth functions (in fact smooth functions are not in L2(0, T ; (H 10 (Ω)∩
L2µ(Ω))
′)). Thus, we preferred to use a generalization of the method used in [4] where we
studied the case of elliptic monotone operators. The main idea is to estimate the difference
of the solution un of (1) with the correctors of some other well-known homogenization
problems. They are the problem where Ωn is fixed and the corresponding problem to the
Laplacian operator in varying domains.
To finish the introduction, we give some bibliographical notes. For the homogeniza-
tion of elliptic and parabolic problems where the coefficients vary, we refer to [22,23,
26,27]. For the homogenization of Dirichlet problems in perforated domains, we refer
to [5–7,9–14,16,24,25]. With respect to the homogenization of Dirichlet problems where
the domains and the open sets where the PDE is posed vary simultaneously, we refer
to [16] for the case of elliptic linear problems, [19] and [3] for elliptic monotone oper-
ators and [4] for nonlinear parabolic problems where the coefficients do not depend on
time variable.
We observe that the problem when only the coefficients vary and the problem in which
only vary the domains are very different. Although in both problems we only have weakly
convergence for the gradient of the solutions, it follows from different reasons: for the
problem in which the coefficients are fixed and the domains vary, we have pointwise con-
vergence for the gradients, so, the weak convergence is due to a concentration problem. For
the problem where the domains are fixed and the coefficients vary we have equintegrabil-
ity of the gradients, so the weak convergence is due to oscillations. When the coefficients
and the domains simultaneously vary, we have both concentration and oscillations of the
gradients.
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We denote by Ω a bounded open set of RN and by QR , R > 0, the cylinder QR =
Ω × (0, R).
For a measure µˆ in QR , Lpµˆ(QR), 1 p +∞, are the usual Lebesgue spaces relative
to µˆ in Ω . If µˆ is the Lebesgue measure, we just write Lp(QR). Analogously, for a measure
µ in Ω , we denote by Lpµ(Ω), Lp(Ω), the corresponding Lebesgue spaces.
For a normed space X, x ∈ X, x′ ∈ X′ (the dual space of X), 〈x′, x〉 denotes the duality
product of x′ and x.
For t, s ∈R, we write t ∨ s = max{t, s}, t ∧ s = min{t, s}.
For every B ⊂ Ω , C(B,Ω) denotes the capacity of B (in Ω), which is defined as the
infimum of∫
Ω
|∇u|2 dx
over the set of functions u ∈ H 10 (Ω) such that u 1 a.e. in a neighborhood of B .
We say that a property holds quasi-everywhere (abbreviated as q.e.) in a set E ⊂ Ω , if
there exists N ⊂ E with C(N,Ω) = 0 such that P(x) holds for every x ∈ E\N .
A function u : Ω → R is said to be quasi-continuous if for every ε > 0 there exists
N ⊂ Ω , with C(N,Ω) < ε, such that the restriction of u to Ω\N is continuous. It is well
known that every function u ∈ H 10 (Ω) has a quasi-continuous representative (see [17,18,
28]). We always identify u with its quasi-continuous representative.
A set Θ ⊂ Ω is said to be quasi-open, if for every ε > 0 there exists N ⊂ Ω with
C(N,Ω) < ε such that Θ ∪ N is open. The complementary of a quasi-open set is said to
be quasi-closed.
We denote byM20(Ω) the class of all nonnegative Borel measures which vanish on the
sets of capacity zero and satisfy
µ(B) = inf{µ(A): A quasi-open, B ⊆ A ⊆ Ω}, ∀B ⊂ Ω Borel.
For a measure µ ∈M20(Ω), µˆ is the measure in QT defined by µˆ = µ⊗ dt .
For every k > 0, we define Tk :R→R by
Tk(s) =
{
s if |s| k,
k sgn(s) if |s| k, (4)
and Sk(s) =
∫ s
0 Tk(r) dr , by Sk(s) = s
2
2 if |s| k and Sk(s) = k(|s| − k2 ) if |s| k.
Definition 1.1. For two constants α,γ > 0, we define Mγα (QT ) as the set of all the matri-
ces A in L∞(QT )N×N , such that (see [22])
(i) A(x, t)ξξ  α|ξ |2, ∀ξ ∈RN , a.e. (x, t) ∈ QT .
−1 −1 2 N(ii) A (x, t)ξξ  γ |ξ | , ∀ξ ∈R , a.e. (x, t) ∈ QT .
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(iii) |A(x, t)| γ, a.e. (x, t) ∈ QT , and thus necessarily α  γ .
Reciprocally, if A satisfies (i) and (iii), then A−1(x, t)ξξ  α
γ 2
|ξ |2, for every ξ ∈ RN , a.e.
(x, t) ∈ QT .
Definition 1.3. We define Fγα (QT ) as the set of pairs (F,µ) with µ in M20(Ω), F in
L∞
µˆ
(QT ) and such that
γ  F(x, t) α, µˆ-a.e. in QT . (5)
Remark 1.4. As we recall in Proposition 2.2 (see [11]), for a measure µ ∈ M20(Ω),
the function w defined by (7) is such that µ(B) = ∞, for every B ⊂ Ω with C(B ∩
{w = 0},Ω) > 0. Thus, if (F,µ) belongs to Fγα (QT ), the value of F in {w = 0} × (0, T )
is not important and we can assume that (5) only holds µˆ-a.e. in {w > 0} × (0, T ).
In order to write shorter expressions, we do not usually explicit the dependence in (x, t)
of functions defined in QT . Sometimes, we need to emphasize the dependence in the time
variable and then we write u(t) at the place of u(x, t).
In the whole of the paper, we denote by An and (Fn,µn) two given sequences in
M
γ
α (QT ) and Fγα (QT ), respectively. Our purpose in the paper is to study the asymptotic
behaviour of the solution of the problem (3).
We denote by C a generic nonnegative constant which can change from line to line.
We denote by On, Om,n and Ok,m,n generic sequences of real numbers which can
change from line to line, such that
lim
n→∞|On| = 0, limm→∞ lim supn→∞ |Om,n| = 0, limk→∞ lim supm→∞ lim supn→∞ |Ok,m,n| = 0.
2. Preliminaries
In order to realize the homogenization of (3), we will need some known results related to
the asymptotic behaviour of the Laplacian operator which Dirichlet conditions in varying
domains and the homogenization of parabolic problems with varying coefficients in a fixed
domain. We recall them in the present section.
The following result has been proved in [11] (see also [14]).
Theorem 2.1. For a given sequence µn ∈M20(Ω), we define wn as the solution of the
problem

wn ∈ H 10 (Ω)∩L2µn(Ω),∫
Ω
∇wn∇v dx +
∫
Ω
wnv dµn =
∫
Ω
v dx, (6)∀v ∈ H 10 (Ω)∩L2µ(Ω).
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is bounded, so extracting a subsequence if necessary, there exists a nonnegative function
w ∈ H 10 (Ω) ∩ L∞(Ω), such that wn converges weakly to w in H 10 (Ω) and weakly-∗ in
L∞(Ω). The convergence is also strong in W 1,q0 (Ω), 1 q < 2, and there exists a measure
µ ∈M20(Ω) such that analogously to wn, the function w satisfies

w ∈ H 10 (Ω)∩L2µ(Ω),∫
Ω
∇w∇v dx + ∫
Ω
wv dµ = ∫
Ω
v dx,
∀v ∈ H 10 (Ω)∩L2µ(Ω).
(7)
The main properties we need about wn, w, µn and µ are exposed in the following result
(see [9,11,14]).
Proposition 2.2. We consider wn, w, µn and µ as in Theorem 2.1. Then we have
(a) For every Borel set B ⊂ Ω such that C(B ∩ {w = 0},Ω) > 0, we have µ(B) = +∞.
(b) The space {wϕ: ϕ ∈D(Ω)} is dense in H 10 (Ω)∩L2µ(Ω).
(c) For every ϕ,ψ ∈ H 1(Ω)∩L∞(Ω), such that ϕψ belongs to H 10 (Ω), we have
lim
n→∞
(∫
Ω
∣∣∇(wnψ)∣∣2ϕ dx +
∫
Ω
|wnψ |2ϕ dµn
)
=
∫
Ω
∣∣∇(wψ)∣∣2ϕ dx + ∫
Ω
|wψ |2ϕ dµ, (8)
lim
n→∞
(∫
Ω
∣∣∇((wn −w)ψ)∣∣2ϕ dx +
∫
Ω
|wnψ |2ϕ dµn
)
=
∫
Ω
|wψ |2ϕ dµ. (9)
(d) Let u belong to H 10 (Ω)∩L2µ(Ω) and consider ψm ∈ H 1(Ω)∩L∞(Ω) such that wψm
converges strongly to u in H 10 (Ω)∩L2µ(Ω). Then
lim
m→∞ limn→∞
(∫
Ω
∣∣∇(wnψm − u)∣∣2ϕ dx +
∫
Ω
|wnψm|2ϕ dµn
)
=
∫
Ω
|u|2ϕ dµ,
∀ϕ ∈ H 1(Ω)∩L∞(Ω). (10)
(e) Let un belong to W 1,p0 (Ω) ∩ Lpµn(Ω) which converges weakly to a function u in
H 10 (Ω), then we have∫
Ω
|∇u|2 dx +
∫
Ω
|u|2 dµ lim inf
n→∞
(∫
Ω
|∇un|2 dx +
∫
Ω
|un|2 dµn
)
. (11)
In particular, if ‖un‖L2µn (Ω) is bounded, we have that u belongs to H 10 (Ω)∩L2µ(Ω).
Since in the present paper we are interested in parabolic problems, better than Proposi-
tion 2.2, we will use the following result.
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(a) For every u ∈ L2(0, T ;H 10 (Ω) ∩ L2µ(Ω)) such that ∂tu ∈ L2(0, T ; (H 10 (Ω) ∩
L2µ(Ω))
′), there exists a sequence ψm ∈ C1([0, T ],C10(Ω)) such that wψm and
w∂tψm converge to u and ∂tu in L2(0, T ;H 10 (Ω) ∩ L2µ(Ω)) and L2(0, T ; (H 10 (Ω) ∩
L2µ(Ω))
′), respectively.
(b) For every ϕ,ψ ∈ L2(0, T ;H 1(Ω)) ∩ L∞(QT ), such that ϕψ belongs to L2(0, T ;
H 10 (Ω)), we have
lim
n→∞
( ∫
QT
∣∣∇(wnψ)∣∣2ϕ dx +
∫
QT
|wnψ |2ϕ dµn
)
=
∫
QT
∣∣∇(wψ)∣∣2ϕ dx + ∫
QT
|wψ |2ϕ dµ, (12)
lim
n→∞
( ∫
QT
∣∣∇((wn −w)ψ)∣∣2ϕ dx +
∫
QT
|wnψ |2ϕ dµn
)
=
∫
QT
|wψ |2ϕ dµ. (13)
(c) Let ϕn be in L2(0, T ;H 1(Ω)) ∩ L∞(QT ) a sequence which converges weakly in
L2(0, T ;H 10 (Ω)) and weakly-∗ in L∞(QT ) to a function ϕ and it is such that |∇ϕn|2
is equintegrable. Then
lim
n→∞
( ∫
QT
|∇wn|2ϕn dx dt +
∫
QT
w2nϕn dµn dt
)
=
∫
QT
|∇w|2ϕ dx dt +
∫
QT
w2ϕ dµdt, (14)
lim
n→∞
( ∫
QT
∣∣∇(wn −w)∣∣2ϕn dx dt +
∫
QT
w2nϕn dµn dt
)
=
∫
QT
w2ϕ dµdt. (15)
(d) Let u belong to L2(0, T ;H 10 (Ω) ∩ L2µ(Ω)) and consider ψm ∈ L2(0, T ;H 1(Ω)) ∩
L∞(QT ) such that wψm converges strongly to u in L2(0, T ;H 10 (Ω)∩L2µ(Ω)). Then
lim
m→∞ limn→∞
( ∫
QT
∣∣∇(wnψm − u)∣∣2ϕ dx +
∫
QT
|wnψm|2ϕ dµn
)
=
∫
QT
|u|2ϕ dµ,
∀ϕ ∈ L2(0, T ;H 1(Ω))∩L∞(QT ). (16)
(e) Let un be in L2(0, T ;H 10 (Ω)∩L2µn(Ω)) which converges weakly in L2(0, T ;H 10 (Ω))
to a function u. Then∫
QT
|∇u|2 dx dt +
∫
QT
|u|2 dµdt  lim inf
n→∞
( ∫
QT
|∇un|2 dx dt +
∫
QT
|un|2 dµn dt
)
.(17)
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µˆn
(QT )
is bounded, we deduce that u belongs to L2(0, T ;
H 10 (Ω)∩L2µ(Ω)).
Proof. The statement (a) has been proved in [4] using (b) of Proposition 2.2.
The proofs of (12) and (13) respectively follow from (8), (9) and the Lebesgue conver-
gence theorem.
To prove (14), we use wnϕn as test function in (6). Integrating in QT , we get∫
QT
|∇wn|2ϕn dx dt +
∫
QT
∇wn∇ϕnwn dx dt +
∫
QT
w2nϕn dµn dt =
∫
QT
w2nϕn dx dt.
(18)
Since wn∇wn converges in measure to w∇w and it is bounded in L2(QT ), ∇ϕn converges
weakly to ∇ϕ in L2(QT ) and |∇ϕn|2 is equintegrable, an easy application of the Egorov’s
theorem shows the second term of (18) satisfies∫
QT
∇wn∇ϕnwn dx dt = On.
Using also∫
QT
w2nϕn dx dt =
∫
QT
w2ϕ dx dt +On,
we can pass to the limit in (18) to deduce
lim
n→∞
( ∫
QT
|∇wn|2ϕn dx dt +
∫
QT
w2nϕn dµn dt
)
=
∫
QT
w2ϕ dx dt.
On the other hand, using wϕ as test function in (7), we also get∫
QT
w2ϕ dx dt =
∫
QT
|∇w|2ϕ dx dt +
∫
QT
w2ϕ dµn dt,
and then we get (14).
To prove (15) we use that∣∣|∇wn|2 − ∣∣∇(wn −w)∣∣2∣∣ 2(|∇wn| + ∣∣∇(wn −w)∣∣)|∇w|,
where the left-hand side converges in measure to 0 and the right-hand side is equintegrable.
Thus,
|∇wn|2 −
∣∣∇(wn −w)∣∣2 → |∇w|2 in L1(QT ), (19)
and then (15) easily follows from (14).
The proof of (16) follows from (13) and∣∣∇((wn −w)ψm)∣∣2 − ∣∣∇(wnψm − u)∣∣2 → ∣∣∇(wψm)− ∇u∣∣2in L1(QT ), ∀m ∈N,
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To prove (17), we remark that (11) applied to the sequence ∫ jm T(j−1)
m
T
un(x, t) dt , with
m ∈N and j ∈ {1, . . . ,m} gives
∫
Ω
∣∣∣∣∣
j
m
T∫
(j−1)
m
T
∇udt
∣∣∣∣∣
2
dx +
∫
Ω
∣∣∣∣∣
j
m
T∫
(j−1)
m
T
udt
∣∣∣∣∣
2
dµ
 lim inf
n→∞
(∫
Ω
∣∣∣∣∣
j
m
T∫
(j−1)
m
T
∇un dt
∣∣∣∣∣
2
dx +
∫
Ω
∣∣∣∣∣
j
m
T∫
(j−1)
m
T
un dt
∣∣∣∣∣
2
dµn
)
 T
m
lim inf
n→∞
( jm T∫
(j−1)
m
T
∫
Ω
|∇un|2 dx dt +
j
m
T∫
(j−1)
m
T
∫
Ω
|un|2 dµn dt
)
.
Multiplying by m
T
this inequality and adding in j ∈ {1, . . . ,m}, we get
m
T
m∑
j=1
(∫
Ω
∣∣∣∣∣
j
m
T∫
(j−1)
m
T
∇udt
∣∣∣∣∣
2
dx +
∫
Ω
∣∣∣∣∣
j
m
T∫
(j−1)
m
T
udt
∣∣∣∣∣
2
dµ
)
 lim inf
n→∞
( ∫
QT
|∇un|2 dx dt +
∫
QT
|un|2 dµn dt
)
. (20)
Since the sequence zm ∈ L2(0, T ;H 10 (Ω)), defined by zm(x, s) = mT
∫ j
m
T
(j−1)
m
T
u(x, t) dt ,
a.e. x ∈ Ω , a.e. s ∈ ( (j−1)
m
T ,
j
m
T
)
, for every j ∈ {1, . . . ,N}, converges to u in L2(0, T ;
H 10 (Ω)) and then µˆ-a.e. in QT , using the Fatou lemma, we finish the proof of (17). 
Let us now remind some results about the asymptotic behaviour of a sequence un which
satisfies{
∂tun − divAn∇un = fn in D′(Ω × (0, T )),
un ∈ L2(0, T ;H 10 (Ω)), (21)
where An is an arbitrary sequence in Mγα (QT ) and fn converges strongly in L2(0, T ;
H−1(Ω)).
For the following result see [22,23,26].
Theorem 2.4. If An is a sequence in Mγα (QT ), then there exists a subsequence of n, still
denoted by n and a matrix A ∈ Mαγ (QT ) such that for every sequence fn which converges
strongly to a distribution f in L2(0, T ;H−1(Ω)) and every sequence un which converges
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u and f satisfy{
∂tu− divA∇u = f in D′(Ω × (0, T )),
u ∈ L2(0, T ;H 10 (Ω)). (22)
Moreover, the sequence An∇un converges weakly to A∇u in L2(QT )N .
Thanks to Meyer’s regularity theorem for parabolic problems (see, e.g., [1,21]), we also
have:
Proposition 2.5. In Theorem 2.4, the sequence un also satisfies that for every K ⊂ Ω
compact, the sequence |∇un|2χK is equintegrable.
3. Estimates and a first representation of the limit problem
In the present section, we consider two sequences An ∈ Mγα (QT ) and (Fn,µn) ∈
Fγα (QT ), and we denote by wn the solution of (6). Extracting a subsequence if necessary,
we can assume there exist µ ∈M20(Ω), w ∈ H 10 (Ω) and A ∈ Mγα (QT ) in the conditions
of Theorems 2.1 and 2.4.
We consider a sequence of distributions fn ∈ L2(0, T ;H−1(Ω)), a sequence of func-
tions un ∈ L2(0, T ;H 10 (Ω)) a distribution f ∈ L2(0, T ;H−1(Ω)) and a function u ∈
L2(0, T ;H 10 (Ω)) such that
fn → f in L2
(
0, T ;H−1(Ω)), (23)
un ⇀ u in L2
(
0, T ;H 10 (Ω)
)
. (24)
Moreover, we assume that the sequences un and fn are related by

un ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)),
〈∂tun, v〉 +
∫
Ω
An∇un∇v dx dt +
∫
Ω
Fnunv dµn dt = 〈fn, v〉 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)),
(25)
and there exists M which does not depend on n, such that
‖un‖L∞(0,T ;L2(Ω)) + ‖∇un‖L2(QT )N + ‖un‖L2µˆn (QT ) M. (26)
Our aim in this section is to obtain some estimates for un and as a consequence, to get
a first representation for the limit problem of (25).
Remark 3.1. It is easy to check that the space H 10 (Ω) ∩ L2µn(Ω) is dense in {v ∈ L2(Ω):
v = 0 a.e. in {wn = 0}}. So, if u0n is in L2(Ω), u0n = 0 a.e. in {wn = 0} and fn is in
L2(0, T ;H−1(Ω)) ⊂ L2(0, T ; (H 10 (Ω)∩L2µn(Ω))′), the problem

un ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)), un(0) = u0n a.e. in Ω,
〈∂tun, v〉 +
∫
Ω
An∇un∇v dx dt
+ ∫
Ω
Fnunv dµn dt = 〈fn, v〉, a.e. in D′(0, T ), (27)∀v ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)),
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L2µn(Ω)) are bounded, then un satisfies (26).
From (26) and (17), we deduce that u is in fact in L2(0, T ;H 10 (Ω)∩L2µ(Ω)). Another
regularity result for u is given by the following lemma.
Lemma 3.2. The function u satisfies that ∂tu belongs to L2(0, T ; (H 10 (Ω)∩L2µ(Ω))′).
Proof. For ψ ∈ D(QT ), we take wnψ as test function in (25). Taking into account (26),
we show there exists C, which does not depend on n or ψ , such that∣∣∣∣
∫
QT
un∂t (wnψ)dx dt
∣∣∣∣C‖wnψ‖L2(0,T ;H 10 (Ω)∩L2µn (Ω)).
Thanks to (12) with ϕ = 1 and the weak convergence of un in L2(QT ), we can pass to the
limit in the above inequality to deduce∣∣∣∣
∫
QT
u∂t (wψ)dx dt
∣∣∣∣ C‖wψ‖L2(0,T ;H 10 (Ω)∩L2µ(Ω)), ∀ψ ∈D(QT ).
Since the set {wψ : ψ ∈ D(QT )} is dense in L2(0, T ;H 10 (Ω) ∩ L2µ(Ω)), this inequality
shows that ∂tu belongs to L2(0, T ; (H 10 (Ω)∩L2µ(Ω))′).
Although we will obtain the equation satisfied by the limit u of un without enforcing
initial conditions for un, clearly it is also interesting to have a result which gives the initial
condition for u from the initial conditions for un. This is given by the following result.
Proposition 3.3. We assume that un satisfies there exists u0 ∈ L2(Ω) such that un(0) con-
verges weakly to u0 in L2(Ω). Then, the initial data u(0) of u, is given by
u(0) = u0χ{w>0}, a.e. in Ω. (28)
Proof. From (25) and (26), the norm of ∂tun in L2(0, T ; (H 10 (Ω)∩L2µn(Ω))′) is bounded.
So, for every ψ ∈D(Ω) and every ε > 0, we have∣∣∣∣∣
∫
Ω
(
1
ε
ε∫
0
un(s) ds − un(0)
)
wnψ dx
∣∣∣∣∣
=
∣∣∣∣∣1ε
ε∫
0
∫
Ω
(
un(s)− un(0)
)
wnψ dx ds
∣∣∣∣∣=
∣∣∣∣∣1ε
ε∫
0
s∫
0
〈
∂tun(r),wnψ
〉
dr dt
∣∣∣∣∣
 ‖wnψ‖H 1(Ω)∩L2 (Ω)
ε∫ ∥∥∂run(r)∥∥(H 1(Ω)∩L2 (Ω))′ dr0 µn
0
0 µn
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√
ε‖wnψ‖H 10 (Ω)∩L2µn (Ω)
( ε∫
0
∥∥∂tun(r)∥∥2(H 10 (Ω)∩L2µn(Ω))′ dr
) 1
2
C
√
ε‖wnψ‖H 10 (Ω)∩L2µn (Ω). (29)
From (8) and the fact that wn converges to w strongly in L2(Ω) and weakly-∗ in L∞(Ω),
we can pass to the limit in (29) when n goes to infinity, to obtain∣∣∣∣∣
∫
Ω
(
1
ε
ε∫
0
u(s) ds − u0
)
wψ dx
∣∣∣∣∣ C√ε‖wψ‖L2µ(Ω)∩H 10 (Ω). (30)
On the other hand, u in L2(0, T ;H 10 (Ω) ∩ L2µ(Ω)) and ∂tu in L2(0, T ; (H 10 (Ω) ∩
L2µ(Ω))
′), imply that u belongs to C0([0, T ];L2(Ω)). So, passing to the limit when ε
tends to zero, we get∫
Ω
(
u(0)− u0)wψ dx = 0, ∀ψ ∈D(Ω)
and then u(0) = u0 a.e. in {w > 0}. Since u belongs to L2(0, T ;L2µ(Ω)) ∩ C0([0, T ];
L2(Ω)), Proposition 2.2(a) gives that u(t) is zero a.e. in {w = 0} for every t ∈ [0, T ]
and then, u satisfies (28). 
If µn = µ for every n ∈N, since H 10 (Ω)∩L2µ(Ω) is dense and compact in L2({w > 0}),
Theorem 5.1 in Chapter 1 of [20] shows that un converges strongly to u in L2(QT ). In our
case, the spaces H 10 (Ω) ∩ L2µn(Ω) vary with n, and then we cannot apply this theorem.
However, let us show that the strong convergence in L2(Ω) is still true. This will follow
from the fact that un is bounded in C0,
1
2 ([0, T −h],L2(Ω)) for every h > 0. We recall the
following result.
Lemma 3.4. We consider a Hilbert space H , which we identify with its dual space,
and a Banach space X ⊂ H with continuous and dense imbedding. Then, for every
u ∈ L2(0, T ;X) such that ∂tu belongs to L2(0, T ;X′) we have∥∥u(t + h)− u(t)∥∥2
L2(0,T−h;H)  4‖∂tu‖L2(0,T ;X′)‖u‖L2(0,T ;X)h, ∀h ∈ (0, T ). (31)
Proof. It is enough to use
1
2
T−h∫
0
∥∥u(t + h)− u(t)∥∥2
H
dt
=
T−h∫ h∫ 〈
∂tu(t + s), u(t + s)− u(t)
〉
X′,X ds dt0 0
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( T−h∫
0
h∫
0
∥∥∂tu(t + s)∥∥2X′ ds dt
) 1
2
[( T−h∫
0
h∫
0
∥∥u(t + s)∥∥2
X
ds dt
) 1
2
+
( T−h∫
0
h∫
0
∥∥u(t)∥∥2
X
ds dt
) 1
2
]
 2‖∂tu‖L2(0,T ;X′)‖u‖L2(0,T ;X)h. 
From Lemma 3.4, we get
Theorem 3.5. The sequence un converges strongly to u in L2(QT ).
Proof. Let us first remark that for every ε > 0, the sequence uεn ∈ H 1(0, T − ε;H 10 (Ω) ∩
L2µn(Ω)), defined by
uεn(t) =
1
ε
ε∫
0
un(t + s) ds, ∀t ∈ [0, T − ε], (32)
converges weakly in H 1(QT−ε) and then, strongly in L2(QT−ε) to the function uε defined
by
uε(t) = 1
ε
ε∫
0
u(t + s) ds, ∀t ∈ [0, T − ε].
By Lemma 3.4, we also have
T−ε∫
0
∥∥uεn(t)− un(t)∥∥2L2(Ω) dt =
T−ε∫
0
∥∥∥∥∥1ε
ε∫
0
un(t + s) ds − un(t)
∥∥∥∥∥
2
L2(Ω)
dt
 1
ε
ε∫
0
T−ε∫
0
∥∥un(t + s)− un(t)∥∥2L2(Ω) dt ds Cε, (33)
which by semicontinuity implies
T−ε∫
0
∥∥uε(t)− u(t)∥∥2
L2(Ω) dt  Cε.
Using then the inequality( T∫
0
∥∥un(t)− u(t)∥∥2L2(Ω) dt
) 1
2

( T−ε∫ ∥∥un(t)− uεn(t)∥∥2L2(Ω) dt
) 1
2
+
( T−ε∫ ∥∥uεn(t)− uε(t)∥∥2L2(Ω) dt
) 1
20 0
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( T−ε∫
0
∥∥uε(t)− u(t)∥∥2
L2(Ω) dt
) 1
2
+
( T∫
T−ε
∥∥un(t)− u(t)∥∥2L2(Ω) dt
) 1
2
,
and that ‖un‖L∞(0,T ;L2(Ω)) is bounded, we deduce
lim sup
n→∞
T∫
0
∥∥un(t)− u(t)∥∥2L2(Ω) dt  Cε, ∀ε > 0.
This proves Theorem 3.5. 
Let us now obtain some estimates for the gradient of un in L2(QT ). Our first result is
Lemma 3.6. For every η ∈D(0, T ), η 0, the sequence un of solutions of (25), satisfies
lim
m→∞ lim supn→∞
T∫
0
( ∫
{|un|>m}
|∇un|2η dx +
∫
{|un|>m}
|un|
(|un| −m)η dµn
)
dt = 0. (34)
Proof. For m > 0, we define Rm : R → R by Rm(s) = s − sg(s)m if |s| > m, and
Rm(s) = 0 if |s|  m. Taking Rm(un)η, with η ∈ D(0, T ), as test function in (25), we
obtain
−
∫
QT
Hm(un)η
′ dx dt +
∫
{|un|>m}
An∇un∇unη dx dt
+
∫
{|un|>m}
Fn|un|
(|un| −m)η dµn dt =
T∫
0
〈
f,Rm(un)η
〉
dt, (35)
where Hm(s) =
∫ s
0 Rm(r) dr is defined by Hm(s) = 0 if |s|m, and Hm(s) = (|s|−m)
2
2 if|s|m.
So, thanks to the ellipticity of An and fn, the weak convergence of un in L2(0, T ;
H 10 (Ω)) and its strong convergence in L
2(QT ), we get
α lim sup
n→∞
( ∫
{|un|>m}
|∇un|2η dx dt +
∫
{|un|>m}
|un|
(|un| −m)η dµn dt
)

T∫
0
〈
f,Rm(u)η
〉
dt +
∫
QT
Hm(u)η
′ dx dt. (36)
Taking the limit in m in this expression, we deduce (34). 
We now introduce
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∂t u¯n − divAn∇u¯n = ∂tu− divA∇u in D′(QT ),
u¯n(0) = u(0) a.e. in Ω, (37)
where A is the homogenized matrix of An given by Theorem 2.4.
Remark 3.8. From Proposition 2.5, the sequence |∇u¯n|2χK is equintegrable, for every
K ⊂ Ω compact.
Let us obtain some estimates for ∇(un − u¯n). We need some previous lemmas.
Lemma 3.9. For every δ > 0 and every η ∈D(0, T ), η 0, we have
lim
δ→0 lim supn→∞
∫
{|un|δ}
|∇un|2η dx dt = lim
δ→0 lim supn→∞
∫
{|u¯n|δ}
|∇u¯n|2η dx dt = 0. (38)
Proof. Let us only prove (38) for un, the proof for u¯n is analogous. For δ > 0 and η ∈
D(0, T ), η 0, we take Tδ(un)η as test function in (25), Tδ defined by (4). This gives
−
∫
QT
Sδ(un)η
′ dx dt +
∫
{|un|δ}
An∇un∇unη dx dt +
∫
QT
FnunTδ(un)η dµn dt
=
T∫
0
〈
fn,Tδ(un)η
〉
dt.
Thus, by the strong convergence of un to u in L2(QT ) and FnunTδ(un)η  0 µˆn-a.e. in
QT , we get
α lim sup
n→∞
∫
{|un|δ}
|∇un|2η dx dt 
T∫
0
〈
f,Tδ(u)η
〉
dt +
∫
QT
Sδ(u)η
′ dx dt.
Taking the limit in this inequality when δ tends to zero, we deduce (38) for un. 
Using the previous lemma, we can now prove the following result about the asymptotic
behaviour of un − u¯n. Its proof is based on an idea of L. Boccardo and F. Murat ([2], see
also [15] for systems). Related results are obtained in [3,7,9,14,16].
Theorem 3.10. The sequence un − u¯n converges strongly to zero in Lq(0, T ;W 1,q0 (Ω))for every q ∈ [1,2).
Proof. For δ > 0 and η ∈D(0, T ), we take wnTδ(un− u¯n)η ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω))
as test function in the difference of (25) and (37). This gives
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∫
QT
Sδ(un − u¯n)wnη′ dx dt +
∫
{|un−u¯n|<δ}
An∇(un − u¯n)∇(un − u¯n)wnη dx dt
+
∫
QT
An∇(un − u¯n)∇wnTδ(un − u¯n)η dx dt
+
∫
QT
FnunTδ(un − u¯n)wnη dµn dt =
T∫
0
〈
fn,Tδ(un − u¯n)wnη
〉
dt. (39)
Using that un − u¯n converges to zero strongly in L2(QT ) and weakly in L2(0, T ;
H 10 (Ω)), that∣∣∣∣
∫
QT
An∇(un − u¯n)∇wnTδ(un − u¯n)η dx dt
∣∣∣∣ Cδ,
∣∣∣∣
∫
QT
FnunTδ(un − u¯n)wnη dµn dt
∣∣∣∣Cδ, ∀n ∈N, ∀δ > 0,
for every n ∈N and δ > 0, and the ellipticity of An, we deduce from (39)
α lim sup
n→∞
∫
{|un−u¯n|<δ}
∣∣∇(un − u¯n)∣∣2wnη dx dt Cδ, (40)
for every η ∈D(0, T ), where C depends on η. Now, for δ > 0 we denote Kδ = K1δ ∪ K2δ
with
K1δ =
{
(x, t) ∈ QT : |un − u¯n| δ, wn 
√
δ
}
,
K2δ =
{
(x, t) ∈ QT : w = 0, |un| δ
}
.
From (40),
lim
δ→0 lim supn→∞
∫
K1δ
∣∣∇(un − u¯n)∣∣2η dx dt = 0, ∀η ∈D(0, T ), (41)
while from (38), we also have
lim
δ→0 lim supn→∞
∫
K2δ
|∇un|2η dx dt = 0, ∀η ∈D(0, T ). (42)
Let now ϕ belongs to D(QT ), ϕ  0. Taking into account that {u = 0} a.e. on {w = 0},
we get∫
K2δ
|∇u¯n|2ϕ dx dt 
∫
{u=0}
|∇u¯n|2ϕ dx dt 
∫
{0|u¯n|δ}
|∇u¯n|2ϕ dx dt
+
∫
|∇u¯n|2ϕ dx dt. (43)
{|u¯n|δ}∩{u=0}
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to infinity and then δ tends to zero. For the second term, we use that the measure of the set
{x ∈ Ω: u = 0, |u¯n| δ} tends to zero and then, from the equintegrability of |∇u¯n|2ϕ, we
have
lim
n→∞
∫
{|u¯n|δ}∩{u=0}
|∇u¯n|2ϕ dx dt = 0, ∀ϕ ∈D(QT ), ∀δ > 0.
So
lim
δ→0 lim supn→∞
∫
K2δ
|∇u¯n|2ϕ dx dt = 0, ∀ϕ ∈D(QT ). (44)
Using (41), (42) and (44), we easily get
lim
δ→0 lim supn→∞
∫
Kδ
∣∣∇(un − u¯n)∣∣2ϕ dx dt = 0, ∀ϕ ∈D(QT ). (45)
On the other hand, we observe that the complementary of Kδ is contained in the set{
x ∈ QT : |un − u¯n| > δ
}∪ {x ∈ QT : wn < √δ, w > 0}
∪ {x ∈ QT : w = 0, |un| > δ},
and then, since w = 0 implies u = 0, we get
lim
δ→0 lim supn→∞
|QT \Kδ| = 0. (46)
From (45) and (46) we deduce that for every q ∈ [1,2), every δ > 0 and every ϕ ∈
D(QT ), ϕ  0, we have∫
QT
∣∣∇(un − u¯n)∣∣q dx dt
=
∫
Kδ
∣∣∇(un − u¯n)∣∣qϕ dx dt +
∫
Kδ
∣∣∇(un − u¯n)∣∣q(1 − ϕ)dx dt
+
∫
Kcδ
∣∣∇(un − u¯n)∣∣q dx dt  |Kδ| 2−q2
(∫
Kδ
∣∣∇(un − u¯n)∣∣2ϕ dx dt
) q
2
+
( ∫
QT
(1 − ϕ) 22−q dx dt
) 2−q
2
( ∫
QT
∣∣∇(un − u¯n)∣∣2 dx dt
) q
2
+ ∣∣Kcδ ∣∣ 2−q2
( ∫ ∣∣∇(un − u¯n)∣∣2ϕ dx dt
) q
2
.QT
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deduce
lim sup
n→∞
∫
QT
∣∣∇(un − u¯n)∣∣q dx dt  C
( ∫
QT
(1 − ϕ) 22−q dx dt
) 2−q
2
, ∀ϕ ∈D(QT ).
Letting then ϕ converging to 1, we conclude the proof of Theorem 3.10. 
Corollary 3.11. The sequence An∇un, satisfies
An∇un ⇀A∇u in L2(QT ). (47)
Proof. From Theorem 3.10, An∇(un − u¯n) converges to zero in Lq(QT ), for 1 q < 2.
So, since An∇un is bounded in L2(QT ) and An∇u¯n converges weakly to A∇u in L2(QT ),
we deduce (47). 
Let us now obtain an estimate of ∇(un − u¯n) in L2(QT )N .
Lemma 3.12. There exists a constant C > 0, which only depends on α, γ , N and |Ω|,
such that for every ϕ ∈ H 1(QT ) ∩ L∞(QT ), ϕ  0 q.e. in QT , with compact support, the
respective solutions un and u¯n of (25) and (37), satisfy
lim sup
n→∞
( ∫
QT
∣∣∇(un − u¯n)∣∣2ϕ dx dt +
∫
QT
|un|2ϕ dµn dt
)
C
∫
QT
|u|2ϕ dµdt. (48)
Proof. We consider a sequence ψm ∈ C1([0, T ];H 1(QT ) ∩ L∞(QT )) such that
ψm(x, t) = 0 q.e. x ∈ {w < 1m }, for every t ∈ [0, T ], wψm converges to u in L2(0, T ;
H 10 (Ω)∩L2µ(Ω)) and w∂tψm converges strongly to ∂tu in L2(0, T ; (H 10 (Ω)∩L2µ(Ω))′).
The existence of this sequence easily follows from Proposition 2.3. For every m,n ∈ N,
we define u¯m,n as the solution of

∂t u¯m,n − divAn∇u¯m,n = ∂t (wψm)− divA∇(wψm) in D′(QT ),
u¯m,n ∈ L2(0, T ;H 10 (Ω)),
u¯m,n(0) = wψm(0) a.e. in Ω.
(49)
By Theorem 2.4, u¯m,n converges weakly to wψm in L2(0, T ;H 10 (Ω)) for every m ∈N.
Taking u¯m,n − u¯n as test function in the difference of (49) and (37), it is also easy to
prove
lim
m→∞ lim supn→∞
∫
QT
∣∣∇(u¯n − u¯m,n)∣∣2 dx dt = 0. (50)
For k ∈ N, we consider τk ∈ C∞(R), such that τk(s) = s if |s|  k, τk(s) = 2k sign(s) if
|s| 2k, 0 τ ′k(s) C and |τ ′′k (s)| Ck , for every s ∈R.
For ϕ ∈ H 1(QT )∩L∞(QT ) with compact support, ϕ  0, let us take the sequence
z = τ ′(u )
(
τ (u )− wn τ (u¯ )
)
ϕ ∈ L2(0, T ;H 1(Ω)∩L2 (Ω)),k,m,n k n k n
w ∨ 1
m
k m,n 0 µn
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z¯k,m,n = wn
w ∨ 1
m
τ ′k(u¯m,n)
(
τk(un)− wn
w ∨ 1
m
τk(u¯m,n)
)
ϕ,
as test function in (49). First, we estimate the gradient of these sequences. In the following,
we denote by Rk,m,n ∈ L2(QT ) an arbitrary sequence, which can change from line to line
and satisfies
lim
k→∞ lim supm→∞
lim sup
n→∞
‖Rk,m,n‖L2(QT )N = 0.
We have
∇
[(
τk(un)− wn
w ∨ 1
m
τk(u¯m,n)
)
ϕ
]
= τ ′k(un)∇unϕ −
[∇(wn −w)
w ∨ 1
m
+ (w −wn)∇w
w2
χ{w> 1
m
}
+m∇wχ{w< 1
m
}
]
τk(u¯m,n)ϕ − wn
w ∨ 1
m
τ ′k(u¯m,n)∇u¯m,nϕ
+
(
τk(un)− wn
w ∨ 1
m
τk(u¯m,n)
)
∇ϕ. (51)
From (34) and the properties of τk , we have
τ ′k(un)∇unϕ = ∇unϕ +Rk,m,n. (52)
Using that for every m,k ∈ N, w − wn, τk(un) and τk(u¯m,n) converge strongly in
L2(QT ) and weakly-∗ in L∞(QT ) to zero, τk(u) and τk(wψm), respectively, when n tends
to infinity, and that ψm = 0 q.e. in {w > 1m }, we deduce
−
[
(w −wn)
w2
∇wχ{w> 1
m
} +m∇wχ{w< 1
m
}
]
τk(u¯m,n)ϕ
+
(
τk(un)− wn
w ∨ 1
m
τk(u¯m,n)
)
∇ϕ = Rk,m,n. (53)
From the equintegrability of |∇u¯n|2ϕ2, (50) and ψm = 0 q.e. in {w < 1m }, we easily obtain
wn
w ∨ 1
m
τ ′k(u¯m,n)∇u¯m,nϕ = ∇u¯nϕ +Rk,m,n. (54)
By (51)–(54), we get
∇
[(
τk(un)− wn
w ∨ 1
m
τk(u¯m,n)
)
ϕ
]
= ∇(un − u¯n)ϕ − ∇(wn −w)
w ∨ 1
m
τk(u¯m,n)ϕ +Rk,m,n. (55)From Lemma 3.6, the properties of τk and the equintegrability of |∇u¯n|2ϕ2, we then have
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(
τk(un)− wn
w ∨ 1
m
τk(u¯m,n)
)
ϕ
+ τ ′k(un)∇
[(
τk(un)− wn
w ∨ 1
m
τk(u¯m,n)
)
ϕ
]
= ∇(un − u¯n)ϕ − ∇(wn −w)
w ∨ 1
m
τ ′k(un)τk(u¯m,n)ϕ +Rk,m,n. (56)
To estimate the gradient of z¯k,m,n, let us denote by rk,m,n ∈ L2(QT )N an arbitrary se-
quence which can change from line to line and satisfies
lim
k→∞ lim supm→∞
lim sup
n→∞
∣∣∣∣
∫
Ω
An∇u¯m,nrk,m,n dx
∣∣∣∣= 0.
Using that for every m ∈N, ∇( wn
w∨ 1
m
)
is bounded in L2(QT )N and pointwise converges to
zero a.e. in {w > 1
m
}, the equintegrability of |∇u¯m,n|2ϕ2 and ψm = 0 q.e. in {w > 1m }, we
deduce
∇
(
wn
w ∨ 1
m
)
τ ′k(u¯m,n)
(
τk(un)− wn
w ∨ 1
m
τk(u¯m,n)
)
ϕ = rk,m,n.
The equintegrability of |∇u¯n|2ϕ2 and (50), also give
wn
w ∨ 1
m
τ ′′k (u¯m,n)∇u¯m,n
(
τk(un)− wn
w ∨ 1
m
τk(u¯m,n)
)
ϕ = Rk,m,n.
Using (55), that both ∇(wn − w), ∇(un − u¯n) converge weakly in L2(QT )N and
strongly in Lq(QT )N , 1  q < 2, to zero, ψm = 0 q.e. in {w > 1m } and the equintegra-
bility of |∇u¯m,n|2ϕ2, we get
∇ z¯k,m,n = rk,m,n. (57)
Taking the difference of the expressions we obtain when we take zk,m,n as test function
in (25) and z¯k,m,n as test function in (49), using (56), (57) and the strong convergence of
fn to f in L2(0, T ;H−1(Ω)), we get
−1
2
∫
QT
∣∣∣∣τk(un)− wn
w ∨ 1
m
τk(u¯m,n)
∣∣∣∣
2
∂tϕ dx dt +
∫
QT
An∇un∇(un − u¯n)ϕ dx dt
−
∫
QT
An∇un∇(wn −w)
w ∨ 1
m
τ ′k(un)τk(u¯m,n)ϕ dx dt
+
∫
QT
Fnunτ
′
k(un)
(
τk(un)− wn
w ∨ 1
m
τk(u¯m,n)
)
ϕ dµn dt = Ok,m,n. (58)
From the strong convergence of τk(un) to τk(u) and wn
w∨ 1
m
τk(u¯m,n) to τk(wψm) in L2(QT ),the first term of this equality is Ok,m,n. On the other hand, the equintegrability of |∇u¯n|2ϕ2
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Lq(QT ), 1 q < 2 give∫
QT
An∇u¯n∇(un − u¯n)ϕ dx dt = On,
∫
QT
An∇u¯n∇(wn −w)
w ∨ 1
m
τ ′k(un)τk(u¯m,n)ϕ dx dt = On, ∀m,k ∈N.
Then, from (58) we get∫
QT
An∇(un − u¯n)∇(un − u¯n)ϕ dx dt +
∫
QT
Fnunτ
′
k(un)τk(un)ϕ dµn dt
=
∫
QT
An∇(un − u¯n)∇(wn −w)
w ∨ 1
m
τ ′k(un)τk(u¯m,n)ϕ dx dt
+
∫
QT
Fnunτ
′
k(un)
wn
w ∨ 1
m
τk(u¯m,n)ϕ dµn dt +Om,n.
Using that An and Fn are elliptic and bounded, τ ′k bounded and the Cauchy–Schwartz
inequality, we deduce∫
QT
∣∣∇(un − u¯n)∣∣2ϕ dx dt +
∫
QT
unτ
′
k(un)τk(un)ϕ dµn dt
C
( ∫
QT
|∇(wn −w)|2
(w ∨ 1
m
)2
τk(u¯m,n)
2ϕ dx dt +
∫
QT
(
wn
w ∨ 1
m
)2
τk(u¯m,n)
2ϕ dµn dt
)
+
∫
QT
|un|
∣∣un − τk(un)∣∣ϕ dµn dt +Om,n.
From (34) and (15), passing to the limit in n in this inequality, we deduce
lim sup
n→∞
( ∫
QT
∣∣∇(un − u¯n)∣∣2ϕ dx dt +
∫
QT
unτk(un)τ
′
k(un)ϕ dµn dt
)
C
∫
QT
w2ψ2mϕ dµdt +Om,
and then, passing to the limit in m, for every k ∈N, we get
lim sup
n→∞
( ∫
QT
∣∣∇(un − u¯n)∣∣2ϕ dx dt +
∫
QT
unτk(un)τ
′
k(un)ϕ dµn dt
)
C
∫
u2ϕ dµdt. (59)
QT
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lim
k→∞ lim supn→∞
∫
{|un|>k}
u2n dµn dt  lim
k→∞ lim supn→∞
2
∫
{|un|>k2 }
|un|
(
|un| − k2
)
dµn dt = 0,
which joining to (59), proves (48). 
As a consequence of the previous results, let us now obtain a first representation of the
equation satisfied by the limit u of un.
Theorem 3.13. There exists a function L ∈ L∞
µˆ
(QT ), such that u satisfies the equation{ 〈∂tu, v〉 + ∫Ω A∇u∇v dx + ∫Ω Luv dµ = 〈f, v〉 in D′(0, T ),
∀v ∈ H 10 (Ω)∩L2µ(Ω).
(60)
Moreover, L satisfies the inequality
α L γ, µˆ-a.e. in {u = 0}, (61)
and for every ϕ ∈D(QT ), we have∫
QT
Luwϕ dµdt
= lim
n→∞
( ∫
QT
An∇(un − u¯n)∇(wn −w)ϕ dx dt +
∫
QT
Fnunwnϕ dµn dt
)
. (62)
Proof. For ϕ ∈D(QT ), we take wnϕ as test function in (25). This gives
−
∫
QT
un∂t (wnϕ)dx dt +
∫
QT
An∇un∇ϕwn dx dt +
∫
QT
An∇un∇wϕ dx dt
+
∫
QT
An∇un∇(wn −w)ϕ dx dt +
∫
QT
Fnunwnϕ dµn dt = 〈fn,wnϕ〉. (63)
In order to pass to the limit in this equality, we use that un converges weakly to u in
L2(0, T ;H 10 (Ω)) and strongly in L2(QT ), and that An∇un converges weakly to A∇u in
L2(QT ). This gives∫
QT
un∂t (wnϕ)dx dt =
∫
QT
u∂t (wϕ)dx dt +On, 〈fn,wnϕ〉 = 〈f,wϕ〉 +On,
∫
An∇un∇ϕwn dx dt +
∫
An∇un∇wϕ dx dt =
∫
A∇u∇(wϕ)dx dt +On.QT QT QT
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converging strongly to zero in Lq(QT )N , 1 q < 2, imply∫
QT
An∇u¯n∇(wn −w)dx dt = On,
and then (63), gives
T∫
0
〈∂tu,wϕ〉dt +
∫
QT
A∇u∇(wϕ)dx dt +
∫
QT
An∇(un − u¯n)∇(wn −w)ϕ dx dt
+
∫
QT
Fnunwnϕ dµn dt = 〈f,wϕ〉 +On. (64)
On the other hand, taking into account
lim sup
n→∞
( ∫
QT
∣∣An∇(un − u¯)∣∣∣∣∇(wn −w)∣∣dx dt +
∫
QT
|Fnun||wn|dµn dt
)
 C,
we deduce that there exists a bounded Borel measure ν on QT , such that for every ϕ ∈
D(QT ) (it is enough in C0(Q¯T )), we have∫
QT
ϕ dν = lim
n→∞
( ∫
QT
An∇(un − u¯n)∇(wn −w)ϕ dx dt +
∫
QT
Fnunwnϕ dµn dt
)
.
Remark that by (64), the limit on the right-hand side exists and then, it is not necessary
to take any subsequence. Using the Cauchy–Schwartz’s inequality, (48) and (13), we get
∣∣∣∣
∫
QT
ϕ dν
∣∣∣∣ C
( ∫
QT
∣∣∇(un − u¯n)∣∣2|ϕ|dx dt +
∫
QT
|un|2|ϕ|dµn dt
) 1
2
×
( ∫
QT
∣∣∇(wn −w)∣∣2|ϕ|dx dt +
∫
QT
|wn|2|ϕ|dµn dt
) 1
2
 C
( ∫
QT
|u|2|ϕ|dµdt
) 1
2
( ∫
QT
w2|ϕ|dµdt
) 1
2 +On. (65)
Then, from the measures derivation theorem, we easily deduce there exists a µˆ-measurable
function H such that∫
QT
ϕ dν =
∫
QT
Hϕ dµdt, ∀ϕ ∈D(QT ), and |H | C|u|w, µˆ-a.e. in QT .Defining L = H
wu
χ{wu =0}, we deduce that L is in L∞µˆ (QT ) and
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QT
Luwϕ dµdt =
∫
QT
ϕ dν = lim
n→∞
(∫
QT
An∇(un − u¯n)∇(wn −w)ϕ dx dt
+
∫
QT
Fnunwnϕ dµn dt
)
, ∀ϕ ∈D(QT ),
i.e., (62). From (64), we also get
T∫
0
〈∂tu,wϕ〉dt +
∫
QT
A∇u∇(wϕ)dx dt +
∫
QT
Luwϕ dµdt = 〈f,wϕ〉,
∀ϕ ∈D(QT ),
which by density proves that u satisfies (60).
To finish the proof of Theorem 3.13, it remains to prove (61). For ϕ ∈D(QT ), we take
unϕ as test function in (25). This gives
−1
2
∫
QT
u2n∂tϕ dx dt +
∫
QT
An∇un∇unϕ dx dt +
∫
QT
An∇un∇ϕun dx dt
+
∫
QT
Fnu
2
nϕ dµn dt = 〈fn,unϕ〉.
Passing to the limit in this equality, thanks to (47) and the strong convergence of un in
L2(QT ), and using uϕ as test function in (60), we get
lim
n→∞
( ∫
QT
An∇un∇unϕ dx dt +
∫
QT
Fnu
2
nϕ dµn dt
)
= 〈f,uϕ〉 + 1
2
∫
QT
u2∂tϕ dx dt −
∫
QT
A∇u∇ϕudx dt
=
∫
QT
A∇u∇uϕ dx dt +
∫
QT
Lu2ϕ dµdt, (66)
for every ϕ ∈D(QT ). From the equintegrability of |∇u¯n|2ϕ2 and ∇(un − u¯n) converging
to zero weakly in L2(QT ) and strongly in Lq(QT ), 1 q < 2, we also have
lim
n→∞
∫
QT
An∇u¯n∇(un − u¯n)ϕ dx dt = lim
n→∞
∫
QT
An∇(un − u¯n)∇u¯nϕ dx dt = 0. (67)
Moreover, the well-known convergence of the energies for the H -convergence (see,
e.g., [22,23]) gives
lim
n→∞
∫
An∇u¯n∇u¯n ϕ dx dt =
∫
A∇u∇uϕ dx dt. (68)QT QT
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lim
n→∞
∫
QT
An∇un∇u¯n ϕ dx dt = lim
n→∞
∫
QT
An∇u¯n∇un ϕ dx dt =
∫
QT
A∇u∇uϕ dx dt,
and then, from (66) we deduce
lim
n→∞
( ∫
QT
An∇(un − u¯n)∇(un − u¯n)ϕ dx dt +
∫
QT
Fnu
2
nϕ dµn dt
)
=
∫
QT
Lu2ϕ dµdt, (69)
for every ϕ ∈D(QT ). From the ellipticity of An and Fn, this implies
α lim sup
n→∞
( ∫
QT
∣∣∇(un − u¯n)∣∣2ϕ dx dt +
∫
QT
u2nϕ dµn dt
)

∫
QT
Lu2ϕ dµdt, (70)
for every ϕ ∈D(QT ),ϕ  0. We now consider a sequence ψm ∈ C1([0, T ];C10(Ω)), such
that wψm converges to u in L2(0, T ;H 10 (Ω)∩L2µ(Ω)). Reasoning by convexity and using
that wψm converges strongly to u in L2(QT ), we have that the left-hand side of (70)
satisfies∫
QT
∣∣∇(un − u¯n)∣∣2ϕ dx dt +
∫
QT
u2nϕ dµn dt

∫
QT
∣∣∇(wnψm − u)∣∣2ϕ dx dt
+ 2
∫
QT
∇(wnψm − u)∇(un − u¯n −wnψm + u)ϕ dx dt
+
∫
QT
|wnψm|2ϕ dµn dt + 2
∫
QT
wnψm(un −wnψm)ϕ dµn dt. (71)
To estimate the first and third terms on the right-hand side of this inequality, we use (16).
For the second and fourth terms, we use∫
QT
∇(wnψm − u)∇(un − u¯n −wnψm + u)ϕ dx dt +
∫
QT
wnψm(un −wnψm)ϕ dµn dt
=
∫
QT
∇(wnψm)∇(un −wnψm)ϕ dx dt +
∫
QT
wnψm(un −wnψm)ϕ dµn dt
−
∫
∇(wnψm)∇(u¯n − u)ϕ dx dt
QT
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∫
QT
∇u∇(un − u¯n −wnψm + u)ϕ dx dt. (72)
Since ∇wn converges to ∇w weakly in L2(QT ) and strongly in Lq(QT ), 1 q < 2 and
the equintegrability of the sequence |∇u¯n|2ϕ2, we easily deduce∫
QT
∇(wnψm)∇(u¯n − u)ϕ dx dt +
∫
QT
∇u∇(un − u¯n −wnψm + u)ϕ dx dt = Om,n.
(73)
For the first and second terms on the right-hand side of (72), using (2.1), (7) and that wn
converges weakly to w in H 10 (Ω), we have∫
QT
∇(wnψm)∇(un −wnψm)ϕ dx dt +
∫
QT
wnψm(un −wnψm)ϕ dµn dt
=
∫
QT
∇wn∇
(
(un −wnψm)ψmϕ
)
dx dt −
∫
QT
∇wn∇(ψmϕ)(un −wnψm)dx dt
+
∫
QT
∇ψm∇(un −wnψm)wnϕ dx dt +
∫
QT
wnψm(un −wnψm)ϕ dµn dt
=
∫
QT
∇(wψm)∇(u−wψm)ϕ dx dt
+
∫
QT
wψm(u−wψm)ϕ dµdt +On = Om,n. (74)
Thus, (70), (71), (16), (72), (73) and (74) imply∫
QT
Lu2ϕ dµdt  α
∫
QT
u2ϕ dµdt, ∀ϕ ∈D(QT ), ϕ  0,
which proves L  α, µˆ-a.e. in {u = 0}. To prove the other inequality of (61), we return
to (69). Since An belongs to Mγα (QT ) and (Fn,µn) to Fγα (QT ), for every ϕ ∈ D(QT ),
ϕ  0, we have∫
QT
Lu2ϕ dµdt =
∫
QT
An∇(un − u¯n)∇(un − u¯n)ϕ dx dt +
∫
QT
Fnu
2
nϕ dµn dt +On
 1
γ
( ∫
QT
∣∣An∇(un − u¯n)∣∣2ϕ dx dt +
∫
QT
|Fnun|2ϕ dµn dt +On
)
.
(75)
From (62), (75), the Cauchy–Schwartz inequality and (15), we then deduce that for every
ϕ ∈D(QT ), ϕ  0, we have
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∫
QT
Luwϕ dµdt
∣∣∣∣ lim sup
n→∞
{( ∫
QT
∣∣An∇(un − u¯n)∣∣2ϕ dx dt +
∫
QT
|Fnun|2ϕ dµn dt
) 1
2
×
( ∫
QT
∣∣∇(wn −w)∣∣2ϕ dx dt +
∫
QT
|wn|2ϕ dµn dt
) 1
2
}
 γ 12
( ∫
QT
Lu2ϕ dµdt
) 1
2 ·
( ∫
QT
w2ϕ dµdt
) 1
2
.
The derivation measures theorem then proves L|u|w  γ 12 L 12 |u|w, µˆ-a.e. in QT and then,
since the set {u = 0} is contained in {w > 0}, we get L γ , µˆ-a.e. in {u = 0}. 
To finish this section, let us obtain an estimate about the dependence of the function L
given in Theorem 3.13 with respect to u. For this purpose, analogously to un, u, fn and f ,
we also consider zn, gn, z and g such that{
gn, g ∈ L2(0, T ;H−1(Ω)),
gn → g in L2(0, T ;H−1(Ω)), (76)

zn ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)),
〈∂t zn, v〉 +
∫
Ω
An∇zn∇v dx dt +
∫
Ω
Fnznv dµn dt = 〈fn, v〉 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)),
(77)
{
z ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)),
zn ⇀ z in L2(0, T ;H 10 (Ω)).
(78)
Similarly to u¯n, we define z¯n ∈ L2(0, T ;H 10 (Ω)) by{
∂t z¯n − divAn∇ z¯n = ∂t z − divA∇z in D′(QT ),
z¯n(0) = z(0) a.e. in Ω. (79)
By Theorem 3.13 applied to zn, there exits a function S ∈ L∞µˆ (QT ), such that z satisfies{ 〈∂t z, v〉 + ∫Ω A∇z∇v dx + ∫Ω Szv dµ = 〈g, v〉 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)).
(80)
The following proposition estimates the difference of Lu and Sv.
Proposition 3.14. The functions L and S satisfy
α(u− z)2  (Lu− Sz)(u− z) γ (u− z)2, µˆ-a.e. in QT . (81)
Proof. It is enough to remark that un − zn satisfies the problem

un − zn ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)),
〈∂t (un − zn), v〉 +
∫
Ω
An∇(un − zn)∇v dx +
∫
Ω
Fn(un − zn)v dµn
= 〈fn − gn, v〉 in D′(0, T ),∀v ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)),
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α R  γ, µˆ-a.e. in
{
(u− z) = 0}, (82)
and such that the limit (u− z) of (un − zn), satisfies

u− z ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)),
〈∂t (u− z), v〉 +
∫
Ω
A∇(u− z)∇v dx + ∫
Ω
R(u− z)v dµ
= 〈f − g, v〉 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)).
Moreover, we know∫
QT
R(u− z)wϕ dµdt = lim
n→∞
( ∫
QT
An∇
(
un − zn − (u¯n − z¯n)
)∇(wn −w)ϕ dx dt
+
∫
QT
Fn(un − zn)wnϕ dµn dt
)
=
∫
QT
(Lu− Sz)wϕ dµdt, ∀ϕ ∈D(QT ).
Thus, R(u− z) = Lu− Sz, µˆ-a.e. in QT and then, (82) shows (81). 
4. Homogenization and corrector result
In this section we prove that the function L which appears in Theorem 3.13 does not
depend on un or u. This follows essentially from Proposition 3.14. The idea is to construct
a sequence emn which for every m ∈N satisfies similar properties to the sequence un of the
previous section and approximates the characteristic function of the set {w > 0} when n
and then m tend to infinity.
As in the previous section, we consider two arbitrary sequences An ∈ Mγα (QT ),
(Fn,µn) ∈ Fγα (QT ). Extracting a subsequence if necessary, we can assume the existence
of µ ∈M20(Ω) and A ∈ Mγα (QT ) in the conditions of Theorems 2.1 and 2.4.
Definition 4.1. For m,n ∈N we define emn as the solution of the problem

emn ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)), emn (0) = wnw∨ 1
m
a.e. in Ω,
〈∂t emn , v〉 +
∫
Ω
An∇emn ∇v dx +
∫
Ω
Fne
m
n v dµn +m
∫
Ω
(
emn − wnw∨ 1
m
)
v dx
= 0 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)).
(83)
Lemma 4.2. The sequence emn is bounded in L∞(QT ) independently of m and n. There
exists a subsequence of n, still denoted by n, em ∈ L2(0, T ;H 10 (Ω) ∩ L2µ(Ω)), and Em ∈
L∞
µˆ
(QT ), with α Em  γ , µˆ-a.e. in {em > 0}, such that for every m ∈N, emn converges to
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em and Em satisfy

em ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)), em(0) = ww∨ 1
m
a.e. in Ω,
〈∂t em, v〉 +
∫
Ω
A∇em∇v dx + ∫
Ω
Ememv dµ+m ∫
Ω
(
em − w
w∨ 1
m
)
v dx
= 0 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)).
(84)
The sequence em converges to χ{w>0} weakly-∗ in L∞(QT ), a.e. and µˆ-a.e. (for a sub-
sequence), wem converges to w strongly in L2(0, T ;H 10 (Ω) ∩ L2µ(Ω)) and weakly-∗ in
L∞(QT ) and there exists F ∈ L∞µˆ (QT ) such that
α  F  γ, µˆ-a.e. in {w > 0}, (85)
Emem → F weakly-∗ in L∞
µˆ
(QT ) and µˆ-measure. (86)
Proof. Taking emn − wnw∨ 1
m
as test function in (83), we easily deduce that for every m ∈ N,
the norm of emn in L2(0, T ;H 10 (Ω)∩L2µn(Ω)) is bounded independently on n. Moreover,
the maximum principle shows (it is enough to consider (emn )− and (emn −‖ wnw∨ 1
m
‖L∞(QT ))+
as test functions in (84)):
0 emn 
∥∥∥∥ wn
w ∨ 1
m
∥∥∥∥
L∞(QT )
, a.e. in QT , ∀n ∈N.
So, extracting a subsequence of n, which can be chosen independently on m by a diagonal
procedure, there exists em ∈ L2(0, T ;H 10 (Ω) ∩ L2µ(Ω)), such that for every m ∈ N, emn
converges to em weakly in L2(0, T ;H 10 (Ω) ∩ L2µn(Ω)) and weakly-∗ in L∞(QT ). By
semicontinuity, em satisfies
0 em 
∥∥∥∥ w
w ∨ 1
m
∥∥∥∥
L∞(QT )
 1, a.e. in QT , ∀m ∈N. (87)
By Proposition 3.3 and Theorem 3.13, for every m ∈ N, there exists Em ∈ L∞
µˆ
(QT ), with
α Em  γ µˆ-a.e. in {em > 0}, such that Em and em satisfy (84).
Taking w2(em − w
w∨ 1
m
) as test function in (84) and using that ∇( w
w∨ 1
m
) = m∇wχ{w< 1
m
},
we have
1
2
∫
Ω
w2
(
em(T )− w
w ∨ 1
m
)2
dx +
∫
QT
A∇
(
em − w
w ∨ 1
m
)
∇
(
em − w
w ∨ 1
m
)
w2 dx dt
+ 2
∫
QT
A∇
(
em − w
w ∨ 1
m
)
∇ww
(
em − w
w ∨ 1
m
)
dx dt
+
∫
Em
(
em − w 1
)2
w2 dµdt +m
∫ (
em − w 1
)2
w2 dx dtQT
w ∨
m
QT
w ∨
m
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∫
{w< 1
m
}
A∇w∇
(
em − w
w ∨ 1
m
)
w2 dx dt
− 2m
∫
{w< 1
m
}
A∇w∇ww
(
em − w
w ∨ 1
m
)
dx dt
−
∫
QT
Em
w
w ∨ 1
m
(
em − w
w ∨ 1
m
)
w2 dµdt. (88)
By Young’s inequality, we deduce that w∇(em − w
w∨ 1
m
) and w(em − w
w∨ 1
m
) and then,
w∇em and wem are respectively bounded in L2(QT ) and L2µˆ(QT ). Using also that√
m(em − w
w∨ 1
m
)w is bounded in L2(QT ) and that ∇(wem) = em∇w +w∇em is bounded
in L2(QT ), we conclude that wem converges to w weakly in L2(0, T ;H 10 (Ω) ∩ L2µ(Ω))
and strongly in L2(QT ). By an easy generalization of the results which appear in [8],
we also have that wem converges to w in µˆ-measure and then from the Lebesgue con-
vergence theorem in L2
µˆ
(QT ) (use (87)). Since em = 0 µˆ-a.e. in {w = 0}, we then have
that for a subsequence, em converges to χ{w>0} a.e. and µˆ-a.e. Now, from (81), we have
|Emem − Ekek| γ |em − ek|, µˆ-a.e. in QT , and then, since α  Em  γ , µˆ-a.e. in QT ,
the convergence of em to χ{w>0} gives the existence of F ∈ L∞µˆ (QT ) such that (85) and
(86) hold.
Using that wem converges strongly in L2(QT )∩L2µˆ(QT ) to w and weakly in L2(0, T ;
H 10 (Ω) ∩ L2µ(Ω)), we can also pass to the limit in (88) to deduce that w∇(em − ww∨ 1
m
)
converges strongly to zero in L2(QT )N . This implies that w∇em tends to zero in L2(QT )N
and then that wem converges strongly to w in L2(0, T ;H 10 (Ω)∩L2µ(Ω)). 
The homogenization of problem (25) is given by the following theorem.
Theorem 4.3. Let n be and F be the subsequence of n and the function given by Lemma 4.2.
Then for every pair un ∈ L2(0, T ;H 10 (Ω) ∩ L2µn(Ω)), fn ∈ L2(0, T ;H−1(Ω)) which
are related by (25) and are such that there exist u ∈ L2(0, T ;H 10 (Ω) ∩ L2µ(Ω)) and
f ∈ L2(0, T ;H−1(Ω)) which satisfy (23) and (24), we have that u and f satisfy{ 〈∂tu, v〉 + ∫Ω A∇u∇v dx + ∫Ω Fuv dµ = 〈f, v〉 in D′(0, T ),
∀v ∈ H 10 (Ω)∩L2µ(Ω).
(89)
Proof. We consider un, fn, u and f as in the statement of the theorem. Thanks to Theo-
rem 3.13, extracting a subsequence if necessary, we can assume there exists a µˆ-measurable
function L ∈ L2(QT ), such that u satisfies (60). It only remains to prove that Lu = Fu
µˆ-a.e. in QT .
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
semn ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)),
〈∂t (semn ), v〉 +
∫
Ω
An∇(semn )∇v dx +
∫
Ω
Fnse
m
n v dµn +m
∫
Ω
(
semn − swnw∨ 1
m
)
v dx
= 0 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)),
and from Lemma 4.2, it converges weakly in L2(0, T ;H 10 (Ω)) to sem, solution of

sem ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)),
〈∂t (sem), v〉 +
∫
Ω
A∇(sem)∇v dx + ∫
Ω
Emsemv dµ+m ∫
Ω
(
sem − sw
w∨ 1
m
)
v dx
= 0 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)).
By (81), L and Em satisfy∣∣Lu−Emsem∣∣ γ ∣∣u− sem∣∣, ∀s ∈R, ∀m ∈N, µˆ-a.e. in QT . (90)
By Lemma 4.2, we can pass to the limit in m in this inequality, and taking into account that
u = 0 µˆ-a.e. in {w = 0}, we get |Lu−Fs| γ |u− s|, for every s ∈R, µˆ-a.e. in QT , and
then Lu = Fu µˆ-a.e. in QT . This shows Theorem 4.3. 
Taking into account Remark 3.1 and Proposition 3.3, we also have
Corollary 4.4. The subsequence of n and the function F given by Lemma 4.2, are such that
for every sequence fn ∈ L2(0, T ;H−1(Ω)) which converges to a distribution f strongly in
L2(0, T ;H−1(Ω)) and every sequence u0n ∈ L2(Ω), with u0n = 0 a.e. in {wn = 0}, which
converges weakly in L2(Ω) to a function u0, we have that the solution un of the problem
(3) converges weakly in L2(0, T ;H 10 (Ω)) to the unique solution u of the problem

u ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)), u(0) = u0χ{w>0} a.e. in Ω,
〈∂tu, v〉 +
∫
Ω
A∇u∇v dx + ∫
Ω
Fuv dµ = 〈f, v〉 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µ(Ω)).
(91)
To finish the paper, we give a corrector result for problem (89).
Theorem 4.5. We consider the subsequence of n and the function F given by Lemma 4.2.
Then, there exists a constant C > 0 such that for every un, fn, u and f as in the statement
of Theorem 4.3, every compact set K ⊂ QT and every function ψ ∈ H 1(QT ) such that
there exists M > 0 with |ψ |Mw q.e. in QT , we have
lim sup
m→∞
lim sup
n→∞
(∫
K
∣∣∇un − ∇u¯n −ψ∇emn ∣∣2 dx dt +
∫
K
∣∣un −ψemn ∣∣2 dµn dt
)
C
∫
K
|u−ψ |2 dµdt, (92)where u¯n is defined by (37).
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
(un − semn ) ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)),
〈∂t (un − semn ), v〉 +
∫
Ω
An∇(un − semn )∇v dx +
∫
Ω
Fn(un − semn )v dµn
= m ∫
Ω
(
swn
w∨ 1
m
− semn
)
v dx + 〈fn, v〉 in D′(0, T ),
∀v ∈ L2(0, T ;H 10 (Ω)∩L2µn(Ω)).
Then, from (48), we have
lim sup
n→∞
( ∫
QT
∣∣∇un − ∇u¯n − s∇emn ∣∣2ϕ dx dt +
∫
QT
∣∣un − semn ∣∣2ϕ dµn dt
)
C
∫
QT
∣∣u− sem∣∣2ϕ dµdt +C lim sup
n→∞
∫
QT
∣∣s∇ e¯mn ∣∣2ϕ dx dt, (93)
for every ϕ ∈ H 1(QT ) ∩ L∞(QT ) with compact support in QT , ϕ  0 q.e. in QT . Here
e¯mn is the solution of{
∂t e¯
m
n − divA∇ e¯mn = ∂t em − divA∇em in D′(QT ),
e¯mn ∈ L2(0, T ;H 10 (Ω)), e¯mn (0) = em(0) a.e. in Ω. (94)
Taking emn ϕ, ϕ ∈ H 1(QT )∩L∞(QT ), ϕ  0 q.e. in QT , as test function in (94), it is easy
to check that there exists C > 0 which only depends on α, γ , N and |Ω| such that
lim sup
n→∞
∫
QT
∣∣∇ e¯mn ∣∣2ϕ dx dt  C
∫
QT
∣∣∇em∣∣2ϕ dx dt.
Thus, (93) implies
lim sup
n→∞
( ∫
QT
∣∣∇un − ∇u¯n − s∇emn ∣∣2ϕ dx dt +
∫
QT
∣∣un − semn ∣∣2ϕ dµn dt
)
C
( ∫
QT
∣∣u− sem∣∣2ϕ dµdt + ∫
QT
∣∣s∇em∣∣2ϕ dx dt), (95)
for every m ∈ N and every ϕ ∈ H 1(QT ) ∩ L∞(QT ) with compact support in QT , ϕ  0
q.e. in QT .
Let now ψ be in H 1(QT ) such that there exists M  0 with |ψ |  Mw q.e. in
QT and consider a compact set K ⊂ QT . For η, λ ∈ R, with η < λ, we denote Kλη =
ψ−1([η,λ])∩K . Since this set is quasi-closed, there exists a sequence ϕk ∈ H 1(QT ), with
χKλη
 ϕk  1, which converges q.e. in QT to χKλη . Writing (95) for ϕk and passing to the
limit in k, we get
lim sup
n→∞
(∫ ∣∣∇un − ∇u¯n − s∇emn ∣∣2 dx dt +
∫ ∣∣un − semn ∣∣2 dµn dt
)
Kλη K
λ
η
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(∫
Kλη
∣∣u− sem∣∣2 dµdt + ∫
Kλη
∣∣s∇em∣∣2 dx dt), ∀m ∈R. (96)
For δ > 0, we define
ψδ = δ
∞∑
j=1
jχ{jδψ(j+1)δ} − δ
∞∑
j=1
jχ{−(j+1)δψ−jδ},
where both sums in the right-hand side are finite because ψ is in L∞(QT ) and then the
sets {jδ ψ  (j + 1)δ} and {−(j + 1)δ ψ −jδ} are empty for j large enough.
Taking in (96), η = jδ, λ = (j + 1)δ and s = jδ with j ∈N, we get
lim sup
n→∞
( ∫
K
(j+1)δ
jδ
∣∣∇un − ∇u¯n −ψδ∇emn ∣∣2 dx dt +
∫
K
(j+1)δ
jδ
∣∣un −ψδemn ∣∣2 dµn dt
)
C
( ∫
K
(j+1)δ
jδ
∣∣u−ψδem∣∣2 dµdt +
∫
K
(j+1)δ
jδ
∣∣∇em∣∣2ψ2δ dx dt
)
, ∀m ∈R.
A similar inequality can also be obtained taking in (96), η = −(j + 1)δ, λ = −jδ and
s = −(j + 1)δ. Adding in j the corresponding inequalities, we deduce
lim sup
n→∞
(∫
K
∣∣∇un − ∇u¯n −ψδ∇emn ∣∣2 dx dt +
∫
K
∣∣un −ψδemn ∣∣2 dµn dt
)
C
(∫
K
∣∣u−ψδem∣∣2 dµdt +
∫
K
∣∣∇em∣∣2ψ2δ dx dt
)
, ∀m ∈N. (97)
From |ψδ|Mw, Lemma 4.2 and u = 0 in {w = 0}, we have
lim
m→∞
∫
K
∣∣u−ψδem∣∣2 dµdt =
∫
K
|u−ψδ|2 dµdt,
lim
m→∞
∫
K
∣∣∇em∣∣2ψ2δ dx dt  limm→∞M2
∫
K
∣∣∇em∣∣2w2 dx dt
= lim
m→∞M
2
∫
K
∣∣∇(wem)− em∇w∣∣2 dx dt = 0.
Then, passing to the limit in m in (97), we conclude the proof of Theorem 4.5. 
Remark 4.6. If in Theorem 4.5 the function u belongs to H 1(QT ) and there exists M  0
which satisfies |u|Mw a.e. in QT , then we can take ψ = u in (92) to obtain
lim lim sup
(∫ ∣∣∇un − ∇u¯n − u∇emn ∣∣2 dx dt +
∫ ∣∣un − uemn ∣∣2 dµn dt
)
= 0,
m→∞ n→∞
K K
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∇un ∼ ∇u¯n + u∇emn in L2loc(QT )N . (98)
Moreover, (see [22,23]) we know there exists a sequence of matrices Pn ∈ L2(QT )N×N
which only depend on An, such that if u is smooth enough (for example, W 1,∞(QT )), then
lim
n→∞
∫
QT
|∇u¯n − Pn∇u|2 dx dt = 0.
So, from (98) we obtain the following result, which gives us the asymptotic structure of
∇un:
∇un ∼ Pn∇u+ u∇emn in L2loc(QT )N .
If u does not satisfies the above properties, then there exists a sequence ψk in the condi-
tions of ψ in Theorem 4.5, which converges strongly to u in L2(0, T ;H 10 (Ω) ∩ L2µ(Ω)).
From Theorem 4.5, we then have
lim
k→∞ lim supm→∞
lim sup
n→∞
(∫
K
∣∣∇un − ∇u¯n −ψk∇emn ∣∣2 dx dt
+
∫
K
∣∣un −ψkemn ∣∣2 dµn dt
)
= 0.
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